Let E be a real Banach space and A: D A : E ª 2 , B: D B : E ª 2 be Ž . two set valued accretive operators. We study the range problems of A q I and Ž . A q B q I for ) 0. The results obtained in this paper generalize some other results.
INTRODUCTION
Accretive operators were introduced by F. E. Browder and T. Kato independently, and have been extensively studied by many authors. The m-accretive operators or accretive operators satisfying the range condition w x of the Crandall᎐Liggett exponential formula 11 play an important role in nonlinear semigroups, differential equations, and fully nonlinear partial w x differential equations. See 2, 5, 12, 16, 18, 17, 18, 21 . A well known result w x of Martin 18 shows that a continuous accretive operator defined on a w x Banach space is m-accretive. And it is also known by 6 that a maximal w x accretive operator need not be m-accretive. Fitzgibbon 14 proved that Martin's result is true for weak continous accretive operators, and recently w x D. Bothe 3 proved that this result is still true for an upper semicontinuous accretive operator with compact convex value. But we do not know whether it is still true with the compact convex value replaced by a bounded closed convex value. The subject of the present paper is to give some further sufficient conditions such that a multivalued accretive is m-accretive or satisfies the range condition of the Crandall᎐Liggett exponential formula. This paper is organized as follows. In Section 2, we study the approximate solutions of differential inclusions associated with set valued accretive operators. In Section 3, we study the range of a given accretive operator defined on a cone or on the whole space. In Section 4, we study the range of sum of two accretive operators.
DIFFERENTIAL INCLUSIONS ASSOCIATED WITH ACCRETIVE OPERATORS
Ž . Ž . Ä 4 A subset P ; E is said to be a cone if P is closed convex, P l yP s 0 , and P : P, ᭙ ) 0; there is an order ''F '' induced by P, x F y if and only if x y y g P for x, y g E. Let 
Ž . 
x t y x F r , x t is linear on t , t , and
Proof. For x g P. Since Ax is bounded and A is Hausdorff continu-0 0 ous, so there exist r ) 0, M ) 1, such that
By the assumptions in Lemma 2.1, we know such ␣ exists. Now, let
We define x t on t , t as the following:
It is easy to see that x t satisfies a , b , c , and d .
⑀
To complete the proof of Lemma 2.1, we need to show lim t s s q
A is Hausdorff continuous at z, so there exists h ) 0, such that
Choose N sufficiently large, such that
Ž . This means that 2 holds for h and i G N, but ␣ is the largest number 1 i Ž . Ž . Ž . such that 1 , 2 , and 3 hold, so we must have
Ž .
Ž . It follows from 2.4 that 
nªϱ n Ž . X Ž . 3 x t is continuous except a subset with zero measure. 
Ž . By 2.6 and the accretivity of A, we have
Ž . n Ž . From 2.6 and the accretivity of A, we get
Letting n ª ϱ, we get the following:
So lim
x t s z exists. Az is bounded; therefore it follows from t ª s y 0 0 0 Ž . Ž . Ž Ž .. 2.6 , 2.9 , and the Hausdorff continuity of A that x t is bounded for ⑀ n k sufficiently large n and t closes to .
Therefore lim
x exists for n sufficiently large. By Lem-
w . sufficiently large, and 2.6 still holds for almost all t g 0, q ␦ . 
nªϱ n Ž . X Ž . 3 x t is continuous except a subset with zero measure. Ž .
⑀ n n n nªϱ Ž . 
Ž. For any ␦ ª 0 , if y t : 0, ª P with y 0 s y and also satisfies T 0 0 Ž . We know from 2.12 that F F x s F F x, ᭙S ) 0, x g P.
T S S T
So we have F F x s F x , ᭙S ) 0. Therefore we must have F x s x , Ž . 
Ž . Consequently, y t s 0; the Hausdorff continuity of B implies that 0 g Bx .
0
Therefore z g Ax q x . We complete the proof. 
. Ž . Then P : A q I P , ᭙ ) 0.
Ž .
Proof. For each x g P, u g Ax. Since u F ␤ x x, so there exists Ž . Ž Ž .. z g P, such that ␤ x x y u s z . In addition, x y hu s 1 y h␤ x x q u u Ž . hz . For h sufficiently small, we have 1 y h␤ x ) 0, and x y hu g P. When E is a Hilbert space, the concept ''accretive'' is the same as ''monotone.'' We have the following result.
Ž . THEOREM 3.3. Let H be a real Hilbert space, P ; H a cone, A: D A s P ª 2
H a monotone operator. Suppose
Ž . i A is Hausdorff continuous with closed bounded¨alues.

Ž .
ii There exists a proper lower semi-continuous con¨ex function :
ug A x hª 0 h Ž . Then P : A q I P, ᭙ ) 0.
Remark. Assumption ii is eqivalent to that A is cyclically monotone. w x See 2 .
Proof. For each ) 0, z g P. Let Bx s Ax q x y z , x g P. By 0 0 
Ž . Ž . assumptions i and iii , it is easy to see that B satisfies all conditions of
Ž . Note that x t s x q H x s ds, so x s x q H y s ds, i.e., y t s
Ž . In the following, we prove that x . ª 0 strongly in L 0, T ; H . By 4
Ž . Ž . 5 Ž .5 of Theorem 2.4, there exist u t g Ax t , w t g E, w t F 2 ⑀ , such
Ž . For simplicity, we denote by x t s x t , x t s x t . Times 3.1 by
w x x t and integrate on 0, T , and we get
By assumption ii , we have
T X u s , x s dss x T y x 0 , Ž . Ž . Ž . Ž . Ž . Ž . Ž . H n n n n k k k k 0 1 T 2 2 X 5 5 5 5 x s , x s dss x T y x 0 . Ž . Ž . Ž . Ž . Ž . H ž / n n n n k k k k 2 0 Ž . Ž . Since x 0 s x , letting n ª ϱ in 3.2 , we get n 0 k T 2 X lim x s dss y lim x T q x F 0. Ž . Ž . Ž . Ž . H n n 0 k k 0 n ªϱ n ªϱ k k X Ž . 2 Ž . So x . converge strongly to 0 in L 0, T ; H . Therefore z g Ax q x . n 0 0 0 k Ž . E THEOREM 3
.4. Let A: D A s E ª 2 be an upper semicontinuous accreti¨e operator with closed bounded con¨ex¨alues and E* be uniformly
Ž . there exists a locally Lipschitz operator f x : E ª E*, for each x g E, ⑀ there exist y g E, u g By, such that
Consider the following initial value problem: 
THE RANGES OF SUM OF TWO ACCRETIVE OPERATORS
Ž . Proof. It is well known that A is accretive and Lipschitz. Theorem 3.4 implies that A q B is m-accretive. So the following differential inclusion
Ž . has only one solution x t by the Crandall᎐Liggett exponential formula Ž X Ž .. and the reflexivity of E. And it is easy to show that x t is bounded.
Since B is upper semicontinuous at x , so we may choose 
mind that E* is uniformly convex, by letting ª 0 q , we get
It is easy to show that x t is the 0 unique solution of the following differential inclusion
Ž . Ž . Ž . Ž . Ž .
By the definition of F , there 
Ž .
iii E* is uniformly con¨ex.
Ž . Ž . Ž .
Ž . Ž . 
